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Abstract

Purpose The esophageal Doppler monitor (EDM) has
traditionally been used for minimally-invasive and continuous
assessment of both cardiac output and intravascular volume.
These measurements are based upon a beat-to-beat analysis
of the velocity of distal thoracic aortic blood flow. The
purpose of this paper is to compare different mathematical
models of LV contractile function which could utilize the
EDM and subsequently be determined on a continuous basis.
Methods This study investigated velocity-based contractility
models: peak velocity, (PV); ejection fraction, EF; mean
ejection fraction, EF ; and maximum LV radial shortening
velocity, max %‘. Also examined are acceleration-based
models: mean acceleration, (MA); force, (F); the maximum
rate of rise of systolic arterial blood pressure, max(”;—f); and
kinetic energy, (KE).

Results When normalized and subsequently observed on a
dimensionless basis, acceleration-based models appear to
have a statistically significant greater sensitivity to changes
in LV contractility. Furthermore, by combining simultaneous
arterial blood pressure measurements with EDM-based flow
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information, the components of afterload and their effects on
LV contractility could be estimated.

Conclusions Future research is warranted to determine the
applicability and limitations of the EDM in continuous
assessment of LV contractility and related hemodynamic
parameters.

Keywords Esophageal Doppler monitor, Cardiac contractility,
Force, Kinetic energy, Heart failure, Modeling

INTRODUCTION

Ejection fraction (EF) is the most commonly used clinical
parameter to assess overall left ventricle (LV) contractile
performance [1, 2]:

(EDV-ES V)‘ )
EDV
Where EDV and ESV represent LV end-diastolic volume
and end-systolic volume respectively (For this paper, EF is
represented as a dimensionless number. However, it is
frequently multiplied by 100 and subsequently expressed as
a percentage of EDV). It should be noted that EF is
frequently utilized by clinicians for the diagnosis, management,
and prognostic assessment of those patients with known or
suspected systolic or diastolic heart failure (HF) [3] (Systolic
and diastolic HF are described within the Discussion section).
Stroke volume (SV) is the amount of blood ejected by the
LV during systole:

SV = (EDV-ESV). Q)

EF =

Thus, EF is more frequently defined as:

N4
=—. 3
EDV ®)
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Fig. 1. Under conditions of constant afterload, ejection fraction
(EF) can be estimated as the slope of SV vs. EDV. More
commonly, EF is calculated as: EF = SV/EDV.

The minimally invasive esophageal Doppler monitor
(EDM) provides both an excellent approximation and trend
analysis of SV [4, 5]. This is attained on a continuous or
“beat-to-beat” basis.

Note that EF remains relatively constant in spite of
changes in volume status [6]. However, EF can be affected
by changes in afterload [7]. Clinically, pharmacologic agents
which reduce afterload and/or preload are frequently utilized
in the management of those patients with documented or
suspected HF [8].

In addition, EF can be considered as the approximate
slope of the SV vs. EDV relationship [6]. Consequently,
with a constant afterload, EF may also be estimated as:
EF ~ ASV/AEDV. This is illustrated in Fig. 1. Pharmacologic
reductions in afterload would therefore be associated with
increases in the slope of this line.

It should be noted that stroke distance (SD) can be
calculated using the definite integral of the velocity of distal
thoracic aortic blood flow, w() [9]:

T
SD = k- JF W)dt = k-SD,. @)
0

Where SD, represents the distance that blood flows,
during systole, within the distal thoracic aorta. Note that a
dimensionless multiplicative factor (k = 1.4) is used to
augment or “correct” SD, for that portion of cardiac output
(CO) which does not “reach” the distal thoracic aorta and is
thus not directly measured by the EDM. This includes blood
flow to the carotid, vertebral, and subclavian arteries [10].
Other means of correlating distal thoracic aortic blood flow,
with total CO, have also been described [10, 11].
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Fig. 2. The esophageal Doppler monitor (EDM) displays the
velocity of distal thoracic aortic blood flow as a function of time.
Peak velocity (PV), flow time to peak velocity (FTp), and flow
time (FT) are illustrated. Note the location of zero velocity on the
ordinate.

Moreover, systolic ejection time is referred to as flow time
(FT) (The systolic ejection time, or FT, is also known as left
ventricle ejection time (LVET)). This is the time period from
the opening of the aortic valve until its closing. Fig. 2 depicts
the velocity of distal thoracic aortic blood flow, measured by
an EDM, during clinical use.

In evaluating LV contractility, EF is typically used. Whereas
the maximum rate of rise of systolic blood pressure, max(“%) ,
has been occasionally utilized in the clinical setting [12].
There have also been attempts of using peak blood flow
velocity and acceleration for assessing LV contractility [12].

In this paper, we will compare different mathematical
models of LV contractile function which could utilize the
EDM. These include velocity-based models: peak velocity,
(PV); EF; mean ejection fraction, EF ; and maximum LV
radial shortening velocity, max 5;_1;‘. Also examined are
acceleration-based models: mean acceleration, (MA); force,
(F); the maximum rate of rise of systolic arterial blood
pressure, max(“%); and kinetic energy, (KE). Moreover, this
paper demonstrates that acceleration-based models appear to
have a greater sensitivity to changes in LV contractility than
those which are velocity-based.

METHODS AND ANALYSIS

As shown in Fig. 3, SV can be represented as a cylinder;
with a volume associated with the opening (r = 0) and
closing (# = FT) of the aortic valve:
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Fig. 3. Stroke volume (SV) can be modeled as a cylinder; with a
length proportional to stroke distance in the distal thoracic aorta
(SD,) and a cross-sectional area based upon aortic radius (7). This
relationship is described using Egs. (4-6).

SV =A4-SD. )

Where A represents aortic cross-sectional area:

2
A=rm-r.

(6)

Aortic radius is defined as a time-invariant constant, 7. By
substitution, EF is then:

_A-SD _ 7+ -SD
EDV  EDV

EF ™

Clinically, » can be reliably estimated based upon each
individual patient’s age, gender, height, and weight [13].

The use of concomitant ultrasonic M-mode has also been
utilized to directly measure distal thoracic aortic diameter in
real time. This feature also allows for optimum and time-
efficient focusing of the EDM probe onto the aorta [10].
However, current EDMs are ecither not manufactured with
this feature or do not fully utilize it (Deltex Medical (UK)
does not employ M-mode ultrasound in their EDM. Whereas
Atys Medical (France) incorporates this feature only to
facilitate probe focusing; rather than aortic diameter
measurement).

By combining (4) and (7), the following expression results:

EF:k~7r-r2'

T
A A 8)

It should be noted that mean or average velocity, v, is
defined as:

ve L Jj "), )

Utilizing (4) and (9), SD can then be expressed as a
function of both v and FT:

SD=k-v-FT. (10)
Substitution then yields:
2
EF:k~7r~r -V-FT' a1
EDV

Thus, EF can be represented as a function which incorporates
r, v, and FT. Additionally, changes in EF would be directly
proportional to changes in v. Recent clinical EDM research
supports this [14].

The physiological importance, of EF as expressed using
(11), is clinically very significant. Specifically, vasodilation
or reductions in afterload can result in increases in either 7,
v, or FT which are associated with increases in EF [14-16].
However, it should be noted that the relatively small change
in aortic diameter, occurring between diastole and systole,
does not alter the clinical utility of the EDM. Thus, the
assumption of a “fixed” aortic diameter has demonstrated
that the EDM provides a useful approximation of both SV
and subsequent CO [4, 5]. In addition, this information can
be provided to the clinician on a near-instantaneous basis.

Furthermore, although the EDM cannot measure EDV,
both the velocity and acceleration of proximal aortic blood
flow have been shown to correlate with EF [17, 18]. If EF is
foreknown (This can be done at the patient’s bedside or as
part of a preoperative cardiac work-up) and afterload
remains relatively constant, approximate clinical evaluations
of EDV could then be made with an EDM: EDV = 2—;

It should be noted that the EDM measures aortic blood
flow only slightly “downstream” from the aortic root (This is
approximately at the level of the T6 dermatome). Using the
EDM, MA of distal thoracic aortic blood flow is accurately
estimated as:

y- PV

T (12)

Note that this closely approximates true average acceleration;
as ¥(7) increases from zero at £ = 0 to PV at 1 = FTp.

Other imaging modalities, such as transesophageal or
transthoracic echocardiography, can be used to assess both
EDV and the velocity of aortic blood flow. However, these
techniques may be difficult to use on a continuous basis; in
either an operating room or intensive care setting. Whereas
the EDM probe can remain within a patient for up to 10 days
due to the probe’s small diameter and flexibility. Furthermore,
awake nasal placement of the EDM probe has been successfully
reported [19, 20].

The EDM can also be readily utilized in patients who are
in non-supine positions [21, 22]. As the EDM’s determination
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of the velocity of distal thoracic aortic blood flow is
pressure-independent, its measurements may consequently
be position-independent. Thus, the EDM may not be affected
by changes in hydrostatic pressure which would accompany
changes in patient position. Further research to elucidate the
EDM’s role in “non-supine” patient monitoring is therefore
necessary. Nonetheless, the EDM appears to consistently
produce excellent “trend” data when utilized with patients
who are in non-supine positions (Unpublished clinical
observations by the first author (GA). Note that both supine
and non-supine patient positioning is frequently utilized
during surgical procedures requiring hemodynamic monitoring.
However, the angle of the EDM probe, relative to the aorta,
may subsequently change as patients are moved from supine
to non-supine positions).

Moreover, EF can be represented as a function of time,
EF(?). This is accomplished by initially describing SD as a
function of time, SD(), using the indefinite integral of w(7):

SD(t) =k- [v()dt+C 0<Lt<FT. (13)
Thus:
k -z’
EF(t) = . Hdt+C 0<¢<FT. 14
(1) = 5 oy +C3 (14)

By combining (13) and (14) (The constant of integration,
C, is chosen so that SD(0) = EF(0) = 0):

2
EF() = XL rV-SD(t) 0<t<FT.

D (15)

It should be noted that SD(¥) is evaluated throughout the
entire time-course of systolic ejection. Furthermore, SD(7)
could be assessed in real time by an EDM; with minimal
modification to its existing software.

Note that EF(f) and SD(f) are directly proportional.
Furthermore, the boundary conditions of (15) are such that:
EF(0) = 0 and EF(FT) = EF. The sigmoid characteristics of
EF(t) are illustrated and discussed in “Numerical Examples”
(Note that SD(¢) is not available in current commercially-
manufactured EDMs).

Additionally, the first and second derivatives of EF(¢) can
be examined. These illustrate how velocity, w(f), and
acceleration, a(f), are associated with EF(f):

2
d[EdFt(r)] _ kég; wW(1) 0<t<FT. (16)
. . dv
Similarly, 1) = —:

imilarly, since a(r) o

’ 2

dIEFO] _kmr” oy 0<i<FT. (17)

a7 EDV
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EF is defined as the time-averaged value of EF{(f) during
systolic ejection. This parameter may be potentially useful
during real-time clinical contractility assessment:

1 T
EF=—. Jj EF(1)d. (18)

Application of the modified logistic equation
The modified logistic equation is an empirical model of the
velocity of aortic blood flow [9]:

_ ~7 4

v(t) = afe (1 ﬁ)t 0<t<FT. (19)

Where « has units of acceleration and £ is dimensionless.
For simplicity, & and £ can be combined as a product and
subsequently expressed as a single term. It should also be
noted that the LV is modeled as a time-dependent amplifier
with an exponentially-decaying gain. Fig. 4 illustrates this. In
addition, both the right and left ventricles, in terms of blood
flow velocity, are represented.

Fig. 2 is a graph of the velocity of distal thoracic aortic
blood flow vs. time. Note that (19) is utilized for the EDM-
based hemodynamic modeling of this velocity vs. time
relationship. Eq. (19) will be further explored in “Numerical
Examples.”

The exponentially-decaying time-dependent amplifier employs
a term, y, which is expressed using the dimension of inverse
time [9]:

s (£L
FTp

=L 0<FTp<FT.
(FTp-FT)

y (20)

Furthermore, FT and FTp are illustrated in Fig. 2.

Left Ventricle

~—
Be_Yt

L ow(t) > Aortic Qutflow

N
ight Ventricle \Pu(t) ] O [ | ﬁ ]t

VAN

Venous Return

Fig. 4. The velocity of blood flow from the left ventricle, v(?), is
illustrated as a time-dependent amplifier with an exponentially
decaying gain. Whereas the velocity of blood flow from the right
ventricle is represented as Pv(?) [9].
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By substituting (19) into (4), the resulting indefinite _ |3 _ |3 -
integral, SD,(f), is subsequently determined [9] (4dppendix A Resr =3 47;ESV A 4;z(EDV 7). 23)

documents v(¢), as well at its first derivative and indefinite
integral, using a difference of two Taylor’s series):

Iv(t)dt+ C=58D,(1) =

e R

Y FTY

0<t<FT. 21
Eq. (21) can also be represented as a definite integral
which is evaluated over the time-course of FT.

The sphere-to-cylinder model
Furthermore, EF(¢) can also be modeled using two components:
a contracting sphere, representing the LV, ejecting into a
rigid cylinder representing the aorta. This is illustrated in
Fig. 5. The use of this model produces a straightforward
approximate representation of the interaction between the LV
and the aorta. It also allows for a comprehensive comparison
of the different means of assessing the relationship between
LV contraction and the subsequent flow of blood through the
aorta. Additionally, the “sphere-to-cylinder” model clearly
and succinctly demonstrates the potential utility of the EDM
in assessing continuous LV contractility. Although the LV is
more hemiellipsoid than spherical in its structure, this
representation nonetheless produces similar results when
compared with preliminary clinical observations [23].

The equivalent spherical radius associated with LV EDV
would therefore be:

_ /3 _ 3(SV)
R =, |2 EDV = ]2 2L,
EDY 347r 347rEF

In a similar manner, the spherical radius associated with
LV ESV would be represented as:

(22)

Fig. 5. A sphere-to-cylinder model can be used to represent the
contraction of the LV and the subsequent flow of blood into the
aorta. Note that the sphere has a time-dependent radius, R(?).
Whereas the radius of the aorta, 7, is assumed constant. The
velocity of the aortic blood flow is represented as v(¥).

The contracting sphere would subsequently have a time-
varying radius, R(f), with the following boundary values:
R(0) = Rgpy and R(FT) = Rgsy. Using this model and (15),
EF(t) would then be:

4 3
2 EDV—-=7R (1) 3 3
. Ripy—R (¢
EF(t)=”r -SD(1) = 3 _ fgpy (?)
EDV EDV R
EDV
0<t<FT. 24

After rearranging (22), further substitution then yields:

2 3 _ 3
T SD(t) = REDV3 R(1)

RED Vv

EF(t) = 1 0<t<FT.

§”REDV
(25)

It is clear that at beginning systole or end-diastole,
R(0)=Rgpy: Note that the above equations apply during FT
only.

Simplifying and solving for R(?):

R(t) = 3«/(wa— %rzSD(t)) 0<t<FT. 26)

Eq. (26) is clinically significant in that it models the time-
varying radius of the LV as a function of SD; as measured by
an EDM.

Note that (26) can also be derived using the continuity
principle. Where flow, O.(¢), in the cylinder is equated to that
generated by the contracting sphere, Oy(?):

0<¢<FT.

O,(1) = 0.0 27)

Initially, the volume of blood ejected from the sphere as a
function of time, ¥(¢), is defined as:

V() = gﬂ(RzDV—R3(t)) 0</<FT. (28)
The flow rate from the contracting sphere is then:
av 2, ~dR
1)=—==-4zR" ()= O0<t<FT. 29
0,(n =~ R~ 29)

Note that ‘%SO and Q.(#)=0 throughout systolic
ejection. Whereas the flow in the cylinder, with its fixed
radius of 7, is:

0.(1) = km’ -v(t) O0<i<FT. (30)
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Equating (29) and (30) yields:

—472'R2(t)‘;—l: =k v(1) 0<i<FT. 31
Simplifying:
s (’)‘ZR k-w() O0<i<FT. (32)
r

Eq. (32) is physiologically important in that it explains
how small increases, in the radius of the contracting LV,
would produce significant increases in the velocity of blood
flow in the aorta. Clinically, this could be applied in both the
quantitative interpretation of observed flow rate changes and
the utilization of the Frank-Starling mechanism.

Thus, the effect of volume loading, resulting in a “fuller”
or “better-filled” ventricle, would maximize the velocity of
the ejected aortic blood flow [23]. Note that this applies to an
LV which has normal contractility rather than one which is
“failing” secondarily to volume overload.

Furthermore, (32) also demonstrates that w(f) is not
directly proportional to ‘2—1: . In fact, this relationship has been
modeled as a nonlinear nonhomogeneous first order differential
equation with a variable coefficient.

By multiplying both the left and right hand sides of (32)
by differential time, df, a subsequent indefinite integral
relationship can be expressed (Appendix B demonstrates the
derivation of SV using this equation represented as a definite
integral):

= [ )R = k- [r(oydr+C,  0<t<FT. (33)
r

The solution of (32) is thus based upon a separation of
variables technique, as demonstrated in (33), and is:

R() = Ropy %rzSD(t)

0<t<FT. (34)

Knowing that SD(0) = 0, the constant of integration, Cp, is
subsequently chosen so that: R(0) = Rgpy: Thus, the application
of the continuity principle yields the same result for R(?) as

6):

32

R() = J(REDV—-r SD(;)) 0<t<FT. (35)

Substituting (22) into either (35) or (26):

R(t)—J(3 SV 3, 25(r)) - 4) /ﬂ(EF)—rS (1)

4(EF) 4
(36)

0<t<FT.
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Clinically, (36) is potentially useful; as R(?) is difficult to
measure under routine clinical conditions. Furthermore, the
EDM intrinsically calculates and subsequently displays SV.
In addition, EF is frequently determined preoperatively using
transthoracic echocardiography. Thus, once R(?) is established,
“ﬁf could then be numerically calculated using a finite-difference
tdelghnique (Eq. (41) illustrates another method for determining
Ry
@ Within the aorta, the time to peak flow (FTp) occurs prior
to the time of the peak of the absolute value of 4R \yithin the
LV [24, 25]. This can be examined when the acceleration of
aortic blood flow is zero. By differentiating (32) and
subsequently equating Z]—‘; to zero:

M[R(z)dz R (E) } - 0. (37)

Inspectlon of (37) reveals that < d_ must be less than zero
for 4V - Y to equal zero. Thus, FTp must occur on the corresponding
“falling slope” side of ‘gf.

Similarly, % has its maximum absolute value occurring
on the corresponding “falling slope” side of fj—‘;. Differentiating
(32) yields:

_4R(t)[ R( )dzR (_) } _ v (38)
2 dt dt
Inspection of (38) reveals that when = o R =0, 4V must be

less than zero. Thus it cannot be assumed that peak flow,
within the aorta, occurs simultaneously with peak R of the
LV wall. This relationship is illustrated in Fig. 6. Thls further
illustrates that the velocity of aortic blood flow has both a
considerably different magnitude and time-course than that
of LV radial shortening velocity.

Clinical examinations of LV radial shortening velocity
have demonstrated numerically similar results, in humans, as
that predicted by the sphere-to-cylinder model [24, 26].
Furthermore; the sphere-to-cylinder model allows for a both
a concise and comprehensive comparison of the different LV
contractile parameters.

It should be noted that:

'R »2- (dt)

R(1 )—

Therefore, the acceleration of aortic blood flow and the
acceleration of the LV wall can be approximately interrelated
using:

(39)

2r (z)d—R iy

(40)
r t dt
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Fig. 6. Note that the velocity of blood flow within the distal
thoracic aorta, v1(t), peaks slightly before the maximum absolute
value of the radial velocity of the LV, dR1/dt. Furthermore, the
radial velocity of the LV has a negative value which is indicative
of the associated reduction in LV size with contraction. In
addition, the absolute value of dR1/dt is markedly less than that of
vi(?). These data are from case 1 in the numerical results section.

Another clinically-relevant relationship can be shown by
substituting (31) into either (35) or (26):

Pk
dR 70
an — 0<t<FT. (41)
dt %
[RZDV—%#SD@)J
Also, utilizing (40):
2
IR _}?Tk“(’)
ani_ 0<¢t<FT. (42)
dr’ 2
[REDV— %rZSD(t)]
Inspectzion of (41) and (42) reveals that increases in both
% and — are associated with increases in  and/or SD(?);

as well as w(f) and a(f) respectively (Note that SV as a
function of time, SH(¥), is directly proportional to SD(¥)).
Whereas an isolated incre%se in Rgpy is associated with
decreases in both Z—I: and d—tf.

This is relevant; as clinical studies have demonstrated that
both velocity and acceleration of aortic blood flow correlate
with LV contractility [17]. Whereas a pathologically enlarged

LV, from HF or cardiomyopathy secondarily from long-
standing hypertension, will frequently exhibit reduced
contractility [18].

The role of inertia, resistance, and elastance in assessing
contractility

The afterload “seen” by the LV can have a substantial effect
on clinically-observed contractile changes. Generally, a
significant increase in afterload can cause a marked reduction
in contractile indices [23]. In addition, a central nervous
sympathetic response frequently occurs whereby afterload
“reflexly” increases. This is observed with patients who are
significantly volume-depleted [23] or in those who have HF
[27]. Furthermore, mathematical modeling of afterload will
assist in understanding max(d—P) .

Thus, a previously-described method to assess the
components of afterload: inertia (L), resistance (Rs), and
elastance (Ea) can be applied. This technique is based upon
linear algebra and could be utilized on an instantaneous or
“beat-to-beat” basis [9].

Expanding the continuity principle yields the following
matrix relationship:

0:(0)  0,0)  SK0)
O(FTp) Q(FTp) SV(FTp) =
QS(FT) Qs(FT) SV(FT) sphere

v(0)  v(0)  SD(0)
A-|vW(FTp) wW(FTp) SD(FTp) (43)
V(FT) V(FT) SD(FT) cylinder

The pressure vs. flow relationship, for both the LV and
aorta, can then be represented using the spherical component
of the model:

0.(0)

0,(0)  SK(0) L P(0)

OJFTp) O(FTp) SV(FTp)|'|Rs|=|P(FTp)|-

O(FT) O(FT) Sw(Fr) ) Eal LPUT)
(44)

Thus:

L 0:(0)  0,0)  SV(0) P(0)

Rs|=| OJFTp) O(FTp) SV(FTp)| *|P(FTp)

Eal | oqrry ouFm) swrry | LPED
(45)

Where L, Rs, and Ea represent “net” inertia, resistance,
and elastance respectively; within both the sphere and
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cylinder.
Similarly, L, Rs, and Ea can also be determined, from the
aorta, using the model’s cylindrical component:

L v(0) v(0) SD(0) T P(0)
{Rs] = i v(FTp) v(FTp) SD(FTp)] | P(FTp) |-
Ea v(FT) v(FT) SD(FT) P(FT)

(46)

In determining solutions to (45) and (46), curve-fitting
techniques may be also used as an alternative to matrix
inversion.

Within either component, pressure as a function of time,
P(?), can then be modeled:

P(f)=L-O()+Rs-Q(f)+Ea-SV(t) 0<t<FT.
(47)

P(f)=A-[L-v(t)+Rs-v(f)+Ea-SD(t)] 0<¢<FT.
(48)

Thus, to maintain an equivalent blood pressure vs. time
relationship, an LV which displays reduced contractility
would mostly likely be associated with greater values of Z,
Rs, and Ea when compared to one with normal contractility.

Clinically, patients with HF will frequently exhibit
significantly higher afterloads as compared to those with
normal LV function [26]. Chronic hypertension-induced
cardiomyopathy is also commonly associated with marked
reductions in LV contractility [28].

A preliminary comparison, of this modelling scheme to
other lumped parameter models, has demonstrated its potential
usefulness and accuracy [9]. This model would also be
worthwhile for practicing clinicians whose patients require
comprehensive hemodynamic monitoring. Thus, as vasoactive
medications and IV fluids are administered during surgery or
other critical care situations, their subsequent effects on L,
Rs, and Ea, could be assessed in real time. Continuous
monitoring, of the interaction between volume status,
afterload, and LV contractility, would be clinically valuable.

The maximum time rate change of pressure, max(‘%) , has
also been examined at the beginning of systole, 7 = 0, as a
measure of LV contractility [29]. Using either (47) or (48),

dpP

max(E) could be estimated:

max(j]_f) = max[L-Q(0)+Rs- Q(0)]
= max[A-[L-¥(0)+Rs-v(0)]]. (49)

Note that acceleration and surge, the time rate change of
acceleration, are both incorporated into (49). Clinically,

@ Springer

4P} in the proximal aorta is difficult to measure;

max(E
requiring invasive catheterization. However, approximations
of central aortic pressure, based upon peripheral arterial
blood pressure, have been shown to be wvalid [30].
Nonetheless, the use of (49), using peripheral radial arterial
and EDM measurements, demonstrates the clinical utility of
max(”;—P) as a means of assessing contractility. Furthermore,
simultaneous knowledge of afterload is essential in fully
understanding contractility; especially within clinical settings.

In the absence of wave reflections, max(dP

) could also be
estimated using the water-hammer effect:

dr
max(d—P) = max(p- V @) .
dt ’

w'dt (50)

Inspection of (50) reveals that max(d—P) is a function of

blood density, the acceleration of blood flow, and pulse wave
velocity, V,,,. It should be noted that V,,, can be considered
a “surrogate” for afterload; as it increases with vessel wall
stiffness and decreases with increasing vessel diameter [31].

Force and Kkinetic energy

Assuming that the SV is an “object” which is initially
accelerating within the aorta, the measurement of F, based
upon MA and blood density, p, is subsequently defined as
[23]:

F=p(SV)(MA) = My, - MA . (51)
Note that: Mg, = p-SV.

Similarly, KE can also be determined with an EDM [23]:
_ 1 2_ 1 2
KE = 3p(SV)(PV)’ = S Mgy (PV)’. (52)

KE is defined as the work done, by the LV, in accelerating
the Mgy from a velocity of zero to PV [32] (The derivation
of KE, using acceleration, is shown in Appendix C).

A preliminary examination of several patients, in different
clinical situations, has demonstrated that F and KE may have
greater discriminative power when compared to either PV or
MA [23]. Thus, F and KE may be more sensitive to changes
in LV contractility. However, both F and KE may also be less
specific; as changes in either afterload and/or volume status
will also influence both of these parameters as well.

Inspection of the contractile parameters demonstrates that
they can be divided into those which are velocity-based as
opposed to those which are acceleration-based. This
categorization will later reveal a greater sensitivity, to
changes in LV contractility, associated with acceleration-
based parameters. Table 1 categorizes each parameter using
this methodology.
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Numerical examples

It is instructive to examine several hypothetical clinical
scenarios using the sphere-to-cylinder model. Thus, an
evaluation of the various contractile parameters can be
observed. In addition, normalization of these data allows for
dimensionless comparisons to be made.

Table 2 demonstrates three case scenarios utilizing different
values for off and y. The resulting contractile parameters are
subsequently documented. Fig. 7 displays these different aortic
blood flow velocities as a function of time. Furthermore, the
values of L, Rs, and Ea have also been determined for each
of these cases and are shown in Table 3. All calculations
were done using MATHCAD (PTC Corp. Needham, MA
USA). Statistical analysis was accomplished utilizing EXCEL
(Microsoft Corp. Redmond, WA USA).

For modeling purposes, the following assumptions were
made: EDV = 140 ml, p = 1060 kg/m®, and FT = 0.36
seconds. A value of 1.1 cm was used for aortic radius, .
Table 2 illustrates the computational results whereas Fig. 8 is
a graphical display of the sigmoid characteristic shape of
each corresponding EF(?).

In determining L, Rs, and Ea, a diastolic blood pressure
(BP) of 65 mmHg was chosen along with an end-systolic BP
of 90 mmHg. Furthermore, a BP of 120 mmHg was used at
t = FTp (Note that diastolic BP occurs at # = 0 whereas end-

scenarios. The results of the subsequent afterload calculations
are shown in Table 3.

Following the determination of the contractile parameters,
normalization of these values, with respect to case scenario
1, was accomplished. These results are illustrated in Fig. 9.

RESULTS

Examination of Table 2 and Figs. 7, 8, and 9 demonstrates
how decreases in PV and MA, for each case scenario, result
in decreases in SV. Ultimately, EF and other derived
contractile parameters are subsequently reduced. Furthermore,
Table 2 documents the case-associated changes in both Rygy
and Maxﬁjﬂ which have been derived using the sphere-to-
cylinder model. Values for KE, F, and Max(%)) are also

systolic BP occurs at # = FT. The BP occurring at FTp is near € Vit
systole). These values were utilized for all three of the case ===-v2(t)
- = v3(t)

Table 1. LV contractile parameters can be categorized as either
velocity-based or acceleration-based.

Velocity-based Acceleration-based
PV MA — - W
EF F 0 01 02 03 04
EF KE time (s)
maxldR dP Flg 7. Illus'trated are vi(t), v2(¢), an.d. v3(t) which represent the
i max(E) distal thoracic aortic blood flow velocities associated with cases 1,

2, and 3 respectively.

Table 2. Three clinical case scenarios which illustrate the interrelationship of peak velocity (PV) and mean acceleration (MA), of distal
thoracic aortic blood flow, to stroke volume (SV). Also illustrated are their associated derived contractility parameters. Italicized numbers,
within parentheses, represent a dimensionless percentage; relative to case 1. Note that acceleration-based parameters have a statistically
greater sensitivity to changes in LV contractility than those which are velocity-based (*p=0.00018, *p =0.00015). The equivalent
spherical radius, Rggy, associated with each ESV is also determined.

Velocity-based

Acceleration-based

of Y FTp SV Rgsy PV EF EF max %’ MA  KE F max(i}—f)
t
m/s?) (s (s) (ml) (cm) (cm/s) (dimensionless) (dimensionless) (cm/s) (m/s?) () (N) (mmHg/s)
Casel 21.75 6.154 0.1 932 224 0.849 0.666 0.404 431 849 0.036 0.84 1065
0.715 0.623 0.347 3.71 542 0.024 0.50 606
Case2 13.05 32 0.132 872 2.33 (84)* (94)* (86)* @6 (64 (67 (60 (57)*
0.549 0.499 0.258 2.76 335 0.011 025 262
Case3 7.25 1 0.164 69.8 2.56 (65)" (75)" (64)" (64)" @39 GI1¢ 30y (25Y"
Equation(s) 19 19,20 20 2,5 23 19 3 18 41 12 52 51 50
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EF(t)

— EF1t)
-===EF2(t)
— —EF3(t)

0 0.1 0.2 0.3 0.4
time (s)
Fig. 8. Ejection fraction as a function of time, EF(¢), for each of

the three different case scenarios. Note that at each final value:
EF(FT) = EF.

100 B
40 ——py
80 —8—EF
é‘ 2
0 I =i
54
60 == Max |dR/dt|

A

—8—KE

based

F

Percentage relative to case 1

Acceleration-

Max (dP/dt)
case 1 case 2 case 3

I

p = 0.00018 p = 0.00015

Fig. 9. An evaluation, of each parameter’s ability to numerically assess
changes in LV contractility, can be accomplished by normalization
to its initial value. This creates dimensionless quantities and thus
provides a relative means of comparison. Inspection of the above
graph demonstrates that acceleration-based parameters have
statistically greater sensitivity to changes in LV contractility than
those which are velocity-based.

presented in Table 2.

When normalized to their respective initial values
associated with case 1, those contractile parameters, which
are acceleration-based, have a statistically significant greater
discriminative power than those which are velocity-based.
This is illustrated in both Table 2 and Fig. 9.

DISCUSSION

The clinical need for continuous contractility assessment
Operative and critical care management of patients with HF
represents the primary need for continuous contractility
assessment. This need is not currently being met. Clinically,
HF is a syndrome that, although difficult to define, is not
difficult to diagnose. It can be described as the inability of
the heart to meet the metabolic demands of the patient.
The 2013 ACCF/AHA (American College of Cardiology

@ Springer

Table 3. Associated values of inertia, L; resistance, Rs; and
elastance, Ea, for each of the three clinical scenarios.

L Rs Ea
(kg/m®) (N's/m’) (N/m)
Case | 1.048:10° 3.589-107 1.389-10°
Case 2 1.747-10° 3.717-107 1.691-10%
Case 3 3.144-10° 3.643-107 2.584-10%

Foundation/American Heart Association) guidelines define
HF as “a complex clinical syndrome that results from any
structural or functional impairment of LV filling or ejection
of blood.”

The cardinal manifestations of HF are dyspnea and
fatigue, which may limit exercise tolerance, as well as fluid
retention. These may subsequently lead to pulmonary and/or
splanchnic congestion and/or peripheral edema [33].

In 2006, approximately 5.1 million people had HF in the
United States whereas 23 million worldwide were afflicted
[34]. In addition, there were more than 1 million hospitalizations
with HF as the primary admitting diagnosis. Furthermore,
HF accounts for 20% of all hospital admissions for persons
over the age of 65 [35].

At age 40, the lifetime risk of developing HF has been
found to be 20% [36]. Re-hospitalization of those patients,
who had been initially discharged with a diagnosis of HF, is
an important problem which is associated with a deteriorating
clinical outcome, a decreasing quality of life, and an increasing
cost of care.

HF has been classified into two types i.e. “diastolic HF”
and “systolic HF.” However, there are more similarities than
differences between these two categories [8]. Patients with
diastolic HF are usually older, more likely to be women, and
have a preserved EF with a normal LV cavity size; often with
concentric LV hypertrophy. Patients with systolic HF are
more likely to be men of all ages with a dilated LV. Patients
with both types of HF have similar symptomatology including
congestion, dyspnea, weakness, and a decreased exercise
tolerance [8]. Since systolic as well as diastolic HF patients
have impairment of both systolic and diastolic function, a
more accepted classification scheme is:

A. HF with preserved ejection fraction (HFpEF; diastolic

HF)
B. HF with reduced ejection fraction (HFrEF; systolic HF)
[3].

Thus, HF may be associated with a wide spectrum of LV
functional abnormalities; ranging from an LV which is
normal in size with a preserved EF to severe LV dilatation
with a markedly reduced EF.

In most patients with HF, abnormalities of both systolic
and diastolic dysfunction coexist; irrespective of their EF
[33]. It should be noted that EF is not a precise measurement
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of contractility; as it is affected by changes in afterload [7].
However, it is a measurement which is easily obtained and
can distinguish between HF due to systolic versus diastolic
dysfunction.

The EDM may provide a more precise and continuous
measurement of contractility and it may be particularly
useful in evaluating those patients who are afflicted with HF
with reduced EF. It is especially useful in guiding the
management of patients in critical care units and during
anesthesia; situations where rapid changes in volume status
and afterload may occur simultaneously.

However, EDM-based measurements do not distinguish
between HF which is secondary to a diffuse impairment in
contractility, as is observed in dilated cardiomyopathies,
versus a regional impairment of contractility (hypokinesis,
akinesis, dyskinesis, LV aneurysms) which is common in
coronary artery disease; where the remaining LV myocardium
is hypercontractile [37]. This distinction is usually made on
clinical grounds and does not affect short-term management
of the patient.

This study provides the first mathematical model of LV
contractility, in terms of aortic blood flow velocity and
acceleration, based upon the EDM. In a straightforward
manner, the contracting sphere representation of the LV, and
its connection to the receiving cylindrical aorta, has allowed
a comprehensive evaluation of this functional interaction. As
a first approximation, the sphere-to-cylinder model has
delineated that both velocity and acceleration-based contractile
indices may be clinically useful.

Overall, acceleration-based parameters appear to have a
greater discriminative ability than those which are velocity-
based. However, F, KE, MA and dp may also be less
specific to contractile changes as well. Thus, patient volume
status, as well as afterload, may influence changes in
acceleration-based parameters; whereas EF is fairly insensitive
to changes in preload.

The derived continuous measurement, EF(f), also allows
LV contractility to be constantly assessed throughout the
ejection phase. Furthermore, Fig. 8 illustrates the significance
of EF(¢) during FT; the LV ejection phase. This characteristic
cannot otherwise be demonstrated from a conventional LV
function curve [38].

Of particular significance is that EDM-based monitoring,
combined with arterial pressure measurement, also allows
for clear and continuous quantification of the systemic
afterload parameters which are L, Rs, and Ea [9]. With
pressure held constant (For the purposes of this model, aortic
blood pressure remains constant at diastole, FTp, and end-
systole for each of the three case scenarios; as described in
Methods), the L component appears to be inversely related to
the acceleration of blood flow. As shown in Table 3, changes
in the L component of afterload appear to clearly differentiate

each of the three clinical scenarios.

The resistive component is related to mean pressure divided
by mean flow and appears to change little with respect to
changes in pulsatile flow or acceleration. Whereas the
arterial elastance component is directly related to vascular
stiffness and inversely proportional to arterial compliance. It
reflects the significantly increased aortic stiffness associated
with an increased afterload.

Note that increases in Es have been observed, in patients
with HF, where corresponding increases in systemic arterial
“stiffness” have also been detected [7]. Interestingly, the L
contribution to afterload is generally small when compared
to the Rs component. However, its magnitude changes
significantly when it is quantitatively assessed using the
aforementioned matrix-inversion technique.

Limitations of the present study

The overall goal has been to present and compare LV contractile
indices using EDM-based mathematical representations. This
was successfully accomplished. However, there are a few
limitations to the present study.

Specifically, the sphere-to-cylinder model, which describes
the interaction between the LV and the aorta, appears to
work well. In reality, the LV has both long and short axes
which contribute differentially to contraction during systole.
This characteristic could be incorporated within future
studies; utilizing a hemiellipsoid model.

The three case scenarios have clearly demonstrated the
potential clinical utility of EDM-based contractile indices.
The end-diastolic volume, EDV, fixed at 140 ml, with a
varying SV, has resulted in an EF within a normal range of
0.5 to 0.67. Additional studies, which could further examine
HF, would utilize an EF of 0.35 or lower. Thus, with HF
subsequent dilatation of the LV chamber size arises; which
would require both the EDV to be varied as well as EF. The
present model is flexible enough to allow this and
subsequently form an additional study; specifically related to
HF.

CONCLUSIONS

There is currently no minimally-invasive clinical device which
allows for continuous real-time quantitative assessment of
LV contractility. The EDM, combined with peripheral arterial
pressure measurements, would potentially accomplish this;
simultaneously determining the influence of afterload and its
related components. This is especially true for intraoperative
and intensive care situations.

While EF has been the mainstay of clinical measurement
of LV contractility, questions have been raised regarding its
adequacy. One concerning fact is that EF does not incorporate
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a “time” component. Therefore, an LV which ejects “quicker”
would most likely be deemed “better” than one which ejects
“slower.”

Thus, there may be a role for the clinical application of
velocity and acceleration-based physical parameters. Certainly,
these could be used to supplement traditional EF-based
contractility assessment and not necessarily replace it.

It has been reasonably established that EF is fairly
insensitive to changes in volume status. However, changes in
afterload can affect EF dramatically. Similar clinical research
is necessary to establish the sensitivity and specificity of both
velocity-based and acceleration-based contractile parameters
with respect to changes in volume and afterload. This would
apply to both normal and pathologic cardiovascular states.
Furthermore, the effects and side effects of pharmaceuticals
on these ‘“new” parameters would warrant additional
investigation as well.

Appendix A

The velocity of distal thoracic blood flow described using
Taylor’s series
The use of Taylor’s series can be helpful in numeric
computational assessment of mathematical functions.
Specifically, an exponential function can be described as [39]
(The following definitions are utilized: 0° = 1 and 0! = 1.
Note that Taylor’s series are based upon a convergent infinite
summation with » = 0, 1, 2..N. These are usually
approximated using large values for N):
e = %ﬁiﬂ (1A)
n=0
Applying (1A) to the aortic blood flow velocity model,

based upon the modified logistic Eq. (19), yields a difference
of two Taylor’s series (0<¢<FT):

n n+1 n+2
W) = (aﬂ){Z—L Z—M—} . 2A)

SD,(?) is subsequently generated through the use of term-
by-term integration:

jvtdt+ C=S8D,t) =
(aﬂ){z S0

& nl(n+2) GA

(t)n+3j|
FT,,:0 n'(n+3)

Note that SD,(0) = 0 with the use of the Taylor’s series.
Acceleration can also be determined:
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Appendix B

Derivation of stroke volume using the sphere-to-cylinder
model

Using the continuity principle (33) applied to the sphere-to-
cylinder model, SV can be determined:

321 [R()dR = k- [v(r)de+Cp. (1B)

Expressing (1B) as a definite integral, the associated limits
of integration are shown:

2 R()dR = k- f W)t = k-SD,. (2B)
REDV

Note that R(0) = Ry, and R(FT) = R, . The solution
to (2B) is:

2 [R)sy—Ripy] = SD(FT)~SD(0). (3B)

r

Multiplying both sides of (3B) by aortic cross sectional
area, e , and recalling that SD(0) = 0 yields SV as defined
using the sphere-to-cylinder model:

§V = 2(Rypy—Risy] = w7 SD(FT) . (4B)

Appendix C

Derivation of kinetic energy using acceleration.

Kinetic energy, KE, is defined as the work necessary to
displace and accelerate the stroke mass (Mg, = p-SV),
M, which is initially stationary, to its PV [32]. This is equal
to the integral of the product of force, F, and differential
displacement, dx. Note that F' is generated by the LV; which
is accelerating the Mg,:

KE(x) = IF—dx. (1C)
Substituting F' = Mg, a:
KE(x) = J(A/[Sv~a)dx. (2C)
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As acceleration is equal to the time-rate change of velocity Bp blood pressure mmHg
or dv/dt: Ea elastance N/m’
dv EDV end-diastolic volume ml
KE(x) = MVE) dx . GO Esv end-systolic volume ml
EF ejection fraction dimensionless
' By deﬁnit'ion, Ve'locij[y is differential displacement, dx, Ef mean ejection fraction dimensionless
divided by differential time, df: EF(¥) ejection fraction as a dimensionless
dx function of time
a SO force N
FT flow time S
Therefore: FTp time to peak flow s
dx = v-dt. o) F heart failure .
k proportionality constant dimensionless
o . L KE kinetic energy Joules
Substituting (5C) into (3C) yields: I inertia kg/m
KE(v) = J’(MS . v v) dr . (6C) LV left Yentricle
dt max d_R‘ maximum absolute value cm/s
Simplifying and realizing that the My, has undergone both dt of the rj“dlal velocity of LV
acceleration and displacement as it eventually reaches a PV, shorFenmg )
from an initial velocity, v(0): max(d_P) maximum time rate mmHg/s
dt change of systolic blood
KE= (" (M, v)dv. (7C) pressure
v(0) Mg, stroke mass Mg, = p-SV kg
Thus: PV peak velocity cm/s
Pu(?) velocity of right cm/s
KE = %(Msv) . [(pV)2 - [v(())]z] = Ventljicular outflow
P(@) arterial blood pressure as a mmHg
2, (PY+V(O0)(PY=v(0)) (80) function of time
2 0.9 flow into the cylindrical cm’/s
Note that the M, must undergo acceleration from w(0) to component of the model as
PV. Recognizing that v(0) = 0 yields: a function of time
X0 flow from the spherical cm’/s
KE = l( M) (P V)Z ) (90) component of the model as
2 a function of time
Furthermore, PV = MA - FTp . Substituting this expression 7 aortic radius cm
into (9C) yields: R(@) radius of the spherical cm
component of the model as
KE = l(Msv) -(MA .FTp)2 . (100) a function of time
2 Repy radius of the spherical cm
model associated with
end-diastolic volume
ABBREVIATIONS Risv radius of the spherical cm
model associated with
Abbreviation Term Dimension end-diastolic volume
o acceleration m/s* Rs resistance N-s/m’
B gain dimensionless  SDa(r) stroke distance associated  cm
y inverse time constant s with blood flow in the
P density of blood kg/m® distal thoracic aorta as a
a(t) acceleration as a function ~ m/s function of time
of time SD(f) stroke distance as a cm
A aortic cross sectional area  cm? function of time
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SV stroke volume cm zj()elction fraction. Conf Proc IEEE Eng Med Biol Soc. 2013;
SN) Stl‘OkE.E VOlLlIIl.C asa cm [8] Jessup M, Brozena S. Heart failure. N Engl J Med. 2003;
function of time 348(20):2007-18.
W) velocity of distal aortic cm/s 9] Atlasl‘GM. ](?fiveflopn;lent an application of a logistip-bas}eld
: systolic model for hemodynamic measurements using the
b,lOOd flow as a function of esophageal Doppler monitor. Cardiovasc Eng. 2008; 8(3):159-
time 73.
% mean velocity of distal cm/s [10] Boulnois JL, Pechoux T. Non-invasive cardiac output
aortic blood flow monitoring by aor.tic blood ow measurement with the Dynemo
" | £ blood ei d 3 3000. J Clin Monit Comput. 2000; 16(2):127-40.
avandier B, Cathignol D, Muchada R, Xuan BB, Motin J.
) volume of blood ejecte cm [11] Lavandier B, Cathignol D, Muchada R, Xuan BB, Motin J
from the sphere as a Noninvasive aortic blood flow measurement using an
function of time intraesophageal probe. Ultrasound Med Biol. 1985; 11(3):451-
. 60.
Vow pulse wave velocity m/s [12] Atlas GM. Can the Esophageal Doppler Monitor Be Used to
Clinically Evaluate Peak Left Ventricle dP/dt? Cardiovasc Eng.
2002; 2(1):1-6.
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